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Dynamics of a Multibody System with
Relative Translation on Curved, Flexible Tracks

Dechang Li*
East China Institute of Technology, Nanjing, China

and
Peter W. Likinst

Lehigh University, Bethlehem, Pennsylvania

Previous generic formulations of equations of motion for multibody systems treat explicitly only special cases
of interbody translation, such as unconstrained translation or translation constrained to a straight, rigid track or
a rigid plane. But real, physical tracks are not always even nominally straight, and they are always somewhat
flexible. In this paper, the previous formulations are extended to accommodate interbody translations that can
be characterized nominally by a single scalar variable (such as distance traveled on a curved track or screw path)
plus motions induced by small deformations of the track or guideway.

Introduction

THE multibody dynamics literature stimulated by space-
craft control problems has focused on relative rotations

and deformations of bodies, because these have been the mo-
tions of greatest practical concern. As spacecraft continue to
evolve, problems of interbody translation have come to the
fore.

The manipulator arm on the Space Shuttle is a familiar ex-
ample of a flexible mechanism with articulated joints rotated
through large angles by means of active control devices. When
a similar manipulator arm is considered for use on the much
larger space station, however, it is often conceived as mounted
on a small cart that moves along tracks or guideways attached
to the space station structure. A track or guideway need not be
straight, and its flexibility may be functionally significant.

Many different formulations of equations of motion for
multiple, flexible body systems have been published (for a few
of many possible examples see Refs. 1-3) and corresponding
computer programs for simulation of generic cases or classes
of spacecraft have been made available (such as DISCOS2 and
TREETOPS1 in the public domain). The most general of these
generic formulations permits interbody translation, but the
published work is sufficient only for application to relatively
simple illustrations.J In at least one paper,1 the authors
underestimated the difficulties of the general case and
overstated the range of applicability of their work. That defi-
ciency can now be rectified.

Context
The equations of motion of a system of interconnected flex-

ible bodies are extremely complex, even when the details of in-
terbody translation are omitted. Those equations are,
however, in the public literature, and even computer codes re-
quired for simulations are in the public domain. In what
follows, therefore, the contextual setting of Ref. 1 will be
assumed, with special reference to published material taking
the place of lengthy and complicated equations that would
otherwise be required to make the results of this paper useful.
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A brief description of this context may be helpful. A succes-
sion of derivations using Kane's variant of Lagrange's form of
D'Alembert's Principle by Singh and Likins1'4'5 has produced
a series of simulation programs by VanderVoort and Singh.6
The equations of motion in Ref. 1 are restricted to a system of
elastic bodies interconnected in a topological tree, and in Ref.
5 a method is advanced for eliminating constraints introduced
by violating the tree topology restriction, closing loops of
bodies. In both Refs. 1 and 5, relative translations are per-
mitted between pairs of interconnected bodies, with arbitrary
vector y locating point hj of body j relative to point p, fixed in
the inboard adjacent body c(j). [Most of the symbols are
quoted from Ref. 1, but, for abbreviation, the superscripts
(e.g., j) will generally be omitted in this paper.] The vector y
in Ref. 1 is written in terms of a vector base (gl ,£2»#3) fixed in
a reference frame bpj embedded in body c(j) atpj. The velo-
city of hj relative to pj in frame bpj is given by (gn = 0)

Sn&n (1)

where NTj is the number of translational degrees of freedom
of the yth hinge. The text of Ref. 1 suggests that yn can be
chosen as a generalized speed in formulating the equations of
motion, without acknowledging the restrictions implied by
this selection. In fact, this choice is possible only if one of the
following conditions applies: 1) hj is constrained to move on a
straight, rigid track fixed in bpj at py, 2) hj is constrained to
move on a rigid plane similarly fixed; or 3) hj is free to move
without kinematic constraint. These restrictions preclude for
example applications in which hj? is constrained to move on a
curved rigid track fixed in bpj or on a track that deforms as a
part of flexible body c(j). It is to these extensions that the
present paper is devoted.

Problem Description
Equations of motion are derived in Ref. 1 for holonomic

systems with NS degrees of freedom in terms of the equation

(2)

where the generalized active forces fp and the generalized iner-
tial forces,/£ are expressed, respectively, in Eqs. (14) and (15)
of Ref. 1 [or Eqs. (38) and (36) in this paper] in terms of the
coefficients of generalized speeds that Kane refers to as "par-
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1 Extendable arm, straight track.

tial velocities."7 The objective of the present paper is to ob-
tain for substitution into these equations a set of "partial
velocities" appropriate for a class of problems in which two
bodies experience relative translation (and possible rotation)
by the progression of one body along a curved, flexible track
that constitutes a part of the other. In order to do so, a vector
function^(s) to describe the configuration of the undeformed
track and a set of deformation modal functions are recom-
mended. Those "partial velocities" and the contributions of
the track to fp and f*p are given in terms involving these
functions.

Figure 1 portrays an extendable arm that provides a special
(rectilinear) case of such a system, and Fig. 2 illustrates a more
general case. In both figures, the motion of body B along the
track of body A is defined by a single scalar s, which measures
the distance traversed along the track. Additional motion of
the system may result from the flexibility of both B and A, or
by the overall translation or rotation of the total system.

Since the hinges shown in Figs. 1 and 2 are not topologically
symmetric, which body, A or B, is on the inboard side (near
the reference body 0, see Ref. 1) matters. First, we will treat
the case in which the track is on the inboard body, then a
method to deal with the opposite situation will be given. In the
former case, we will first do the rigid simulation, then the in-
fluence of the flexibility will be considered.

Curved, Rigid Track
In this section, we will treat a hinge that connects body c(k)

and body &, and only has one degree of translational freedom.
The track (labeled A) is a part of inboard body c(k), and both
are supposed to be rigid. Body B is connected with the track by
a muff fitted over it. It should be assumed that the radius of
the cross section and the length of the muff are very small as
compared with the radius of curvature of the track center line,
and the track is in contact only with the two ends of the muff.
If the cross section is a square, as in Fig. 1, the hinge has only
one degree of freedom. If the cross section is a circle, as in
Fig. 2, then there exists an additional rotational freedom
around the track. To remove this freedom, a screw groove
should be made on the surface of the bar, and a key should be
fitted in the groove to guide the motion of the muff.
Therefore, in this degree of freedom, body B slides along the
track and, in the meantime, rotates around the track, but its
position is solely determined by one variable s, the arc length,
measured from a reference point on the track.

For convenience, the cross section will be assumed as a cir-
cle with radius R. In order to define the screw angle of the
groove a ( s ) , a reference line must be set up on the surface of
the track as an initial line with respect to which to measure
angle a. When the track is straight, any straight line on the
surface parallel to the centerline can be referred to as a

Fig. 2 Curved track on inboard body and an enlarged section of
grooved track.

reference line. The screw angle a. is measured from this line to
the groove line, and a is positive when the groove line turns
with the fingers of the right hand while the thumb points to the
advanced direction of the muff. It is not difficult to find the
relation between the angular and linear velocities of the muff

(3)

where v(s) = (tana)//?.
When the track is curved arbitrarily in space, there is no

reference line that can be imagined easily. Let us put a set of
unit base vectors (g\,g2>gi) °f natural coordinates on every
point of the centerline of the track. The principal-normal g2
penetrates the surface at a point. Connecting such points on
the surface of the track will form a line. We define it as the
reference line.

A typical sliding hinge (track on the inboard body) and its
topological relation with related bodies are shown on Fig. 2.
Point hc(k) is the link point connecting to another inboard
body; it is also the origin of frame bc(k). We may describe the
configuration of the track by a vector starting from hc(k), but
usually to select another point pk as the origin is more conven-
ient for this purpose. Point pk is fixed on frame bc(k)9 but not
necessarily within the range of body c(k). The configuration
of the centerline of the track is determined by a vector func-
tion y ( s ) starting from pk. For example, when the track is a
straight one or a part of a circle, we may select/^ right on the
track or on the center of the circle, which enables the function
y ( s ) to be expressed in the most simple form.

Once the vector function y(s) has been given, the unit base
vectors of natural coordinates of the track centerline can easily
be derived:

gl = dy/ds =y ' (s)

£2 = y "

tangent

principal-normal

sub-normal (4)

where K= \y" I is the curvature of the centerline of the track,
and primes mean differentiation with respect to s. When the
track is straight, K will be zero, and the above definition of g2
fails. In this case, we define a direction for g2 arbitrarily.
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center line of
undeformed track

center
line of
deformed
track

From K2 -y" -y" , we have k=y" K, so that

Fig. 3 Geometric relations between the deformed and undeformed
track.

point S-l point
(s) (s+ds)

u+u 'ds

u 'ds
Fig. 4 Differential deformational displacements of two adjacent
points on the track centerline.

-y"
= (y"f •glgl

and we obtain

here T=y

=y"f -y' (8)
2 is the torsion of the curve; for a plane

also have another expression for o>3:
•y" IK

curve; r = 0. We
co3 = -y"' -y's/K9 which can easily be verified as the same as
Eq. (7), if we note the identity y' >y" = 0, and ( y ' - y " ) f

y' -y'" +y" -y" = 0.
The third requirement is the angular velocity of frame bk of

the muff ukc(k) in frame bc(k). If the screw angle of the groove
a = 0, as in Fig. 1, gt will be fixed on the muff, so ukc(k) = w. If
not so, as in Fig. 2, a term 6 = vs should be added to the first
component co1? then

(9)

Although the hinge discussed previously has one degree of
freedom only, additional rotational freedom can easily be ad-
ded by installing a gimbal joint between the small muff (now
considered to be massless) and the body k. Then

where lm represents unit vectors along gimbal axes, and NRk is
the number of rotational degrees of freedom of the /rth hinge.
Note ukc(k) is now divided into two terms; the first term is in-
duced by translational freedom and the second term is due to
the rotating movement of the joint between body k and its
massless muff. This division is necessary because the torques
in the joint are related to the above 6m and the corresponding
Euler angles of the joint.

Finally, if s is selected as the pth generalized speed of the
system, the corresponding partial angular velocity of the yth
body and the partial velocity of point hj will be [see Eqs. (5)
and (9)]

Now we derive the important kinematic quantities of the
hinge. First, the velocity of hk in frame bc(k) is given by

Vhk=y=y's=giS (5)

A dot means differentiation with respect to time; a circle on a
vector means the differentiation is done in frame bc(k).

Second, the angular velocity w of the vector base gt
(/= 1,2,3) in frame bc(k}, as it slides along the track with its
origin hk, follows from the differentiation of gf with respect to
time in frame bc(k)

in combination with

S2 = «i*3 -a^ = O
From the preceding two equations, we obtain

Another differentiation provides

(6)

(7)

(T+i>)y'+y"xyf"
0, otherwise

0, otherwise

(10)

(11)

where P(k) is a set of all bodies outboard of k including k,
and Xkj is the vector leading from hk to hj at the present
moment.

Track Flexibility
A sliding hinge is a fitting mechanism. The deformation

models selected should not destroy the kinematic char-
acteristics of the hinge, so that after deformation the muff
should still be allowed to slide along the track freely. A
reasonable modeling assumption is:

1) Every cross section can be treated as a rigid thin slice.
2) When the track deforms, every cross section is always

perpendicular to the tangent of the centerline of the track.
The second assumption implies that we neglect the influence

of shear of the track, and indeed shear deformations are
generally negligible for such structural members. However,
the influence of torsional deformations of the track may be
important in the simulation of the motion of the system, par-
ticularly if the track is grooved.

According to the preceding assumptions, the modeling of
the track can fully be determined by the following modal
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functions:

« = 1,2,...

where vector $n (s) represents that part of the body modal
deformation vector <t>n(r) (see Ref. 1) descriptive of the track
centerline in mode «, and scalar 0^ (s) represents the torsional
model of the track in mode n\ and NMk is the number of the
deformational degrees of freedom of the /rth body. The defor-
mational displacement of every point on the track centerline
can be expressed as

NMk

D (12)

The torsional angle of every cross section can be expressed as
NMk

0(s,t) = (13)
n=l

For convenience, the lower and upper limit of the summation
will 'be omitted whenever it is self-evident. For example, the
following symbols will be used often:

In preparation for deriving partial (angular) velocities, we
must do two things: 1) find the deformed positions of gt that
are embedded in the track, and 2) find the deformation
displacement of any point on the track. Since our approach to
deal with the problem of flexibility is a method of linearization
based on the small deformation assumption that the general-
ized coordinates rjn and their derivatives are small quantities,
so are «, 6 and their derivatives; all the second-order terms in
these variables can be neglected.

We still use the symbol^ (s) to describe the configuration of
the centerline of undeformed track. We will add a tilde on a
letter to indicate that it is a quantity after deformation. So y is
used to describe the deformed centerline (see Fig. 3):

y(s,t) =y(s)+u(s,t) = (14)

After deformation, the arc length of the centerline is
changed, s changes to ^(all measured in the same unit, such as
cm). Now we study the elongation rate of the centerline (see
Fig. 4)

dse(s,t)=—A —— 1ds

From the theorem of cosines, after some derivation,

(15)

Omitting the second-order terms of u ' , we have the linearized

(16)

Note that e is also a small quantity and u { = (u ' ) ; l ^ ( u l ) ' .
The deformed positions of gf will be written as gf. First, let

us find g{ . According to our assumption of perpendicularity,
gi will still be along the tangent of the deformed centerline, so

ds

l ~ "l'ft (17)

(Remember that primes always mean differentiation with
respect to s, not s.)

Before we set off to find g2 and g3, we will first go to item 2
listed previously. A generic point A on the track can be
specified by the arc length s of the cross section and a location
vector f in the cross section (Fig. 5). The deformation
displacement u(s,f,t) consists of two parts. One is a transla-
tion carried along with the center of the cross section—u (s,t);
another part is due to the rotation of the cross section. Since
the deformations are considered to be small, the small rota-
tions can be treated as vectors. There are two small rotations:
one is due to the change of orientation of the centerline
tangent gl9 and the other is a rotation around g{. The new
orientation of g1 is gl; this rotation can be represented by a
vector a=g^ x gl; and the displacement of point A due to this
rotation is a x f. Another rotation due to the torsional defor-
mation is 0gl = LO^ngi; the vector product of this vector and
f is the corresponding displacement. The whole displacement
of point (s, f) is

(18)

Substituting in expression (17) for gl9 noting f=
and omitting the second-order terms of rjn , we obtain

NM*
= J; [^-

We now define the modal functions of every point on the
track:

(19)
As \l/n, 0M, and y' are known functions of s, Vn(s,£) can
easily be calculated. Since for the track (unlike the muff) s and
f are independent variables, ¥„ is not time dependent, we
simply have

u(s,{,t)= E** (20)

(21)

ff(s,t,t)= ^Vnrin (22)

These quantities are needed to calculate the contributions of
the track to the generalized forces.

Let us return to item 1; it is now easy to find g2 and g3 from
Eq. (18). Noting that gi-gi^u(s)gitt)-u(sft)f i = 2, 3, we
can substitute g2 or g3 for f in Eq. (18) and use Eq. (17) for g{
to find

g2 = 82 + ( u2g3 - uig2 )xg2 + 0glxg2=g2- u2gl + 0g3 (23)

£3 = #3 + ( "&3 - "3ft > X #3 + 0ft X ft = 83 ~ **igi ~ eg2 (24)

Together with g^ in Eq. (17), gf can be written in matrix form

Si

ft

1 u2 u,

-u2 i e
-u( -e i

(25)

or [ g } - [ B ] { g ] , where { } represents a column matrix.
Matrix [B], as shown in Eq. (25), obviously represents an in-
finitesimal rotation; the corresponding rotation vector is
7 = «.+ Ogi = Ogi - u^g2 + u2g3. The deformed base vectors can



MAY-JUNE 1987 DYNAMICS OF A MULTIBODY SYSTEM 303

also be expressed as

/= 1,2,3

After these preparations, we can now derive the important
kinematic quantities— partial (angular) velocities. First, the
velocity of hk in frame bc(k), when it slides along the track
with the muff, is

(26)

Second, to obtain the angular velocity & of the frame gt
relative to frame bc(k) when its origin hk slides along the track
with the muff, differentiate Eq. (25) with respect to time in
frame bc(k) :

(27)

Note
o _

where /-1,2,3 and iJ9k form a positive cycle of 1,2,3.

S2

?S3 ~ *S

-TS2

5 +

_

=
1 U2 U3

-u2 i e
-«3 ~^ 1

0 u2 u'z n

-u2 0 6

-*i -e o _

^l"
^2

_ ^ 3 .

Noting that

we have

"2 = (-

and

and

Now from Eqs. (28), (26), and (21), one cari easily write all
the anticipated partial (angular) velocities corresponding to
the generalized speeds 5 and 17 (see Fig. 2). If we take s as the
pth generalized speed, then

r
= \

i + e ' )

_ 0, otherwise

0, otherwise K|/~u

If we take rjn as the pth generalized speed, then

0, otherwise

(29)

0, otherwise

0, otherwise (30)

The above Vy are the partial velocities of point (s,f) cor-
responding to s and r)n respectively.

In the case of a straight, unscrewed, flexible track, which
may have much practical interest in engineering, ot, v, T, and K
equal zero, so the forms of Eqs. (28) and (29) will be simpler.

Track on Outboard Body
A typical hinge with a curved flexible track on the outboard

body is shown in Fig. 6. If there is another body q outboard of
body A:, \etpq be the link point leading to it; otherwise, let pq
be the mass center of body k. Since pq is determined by the
structure, it cannot be selected. However, hk is now a point
selected as the origin of the vectors y and y\ it is also the origin,
of frame bk. Since body k is flexible, it only has one point, pq,
that is fixed iii frame bk. Point hk is generally not fixed in the
body. The deformation models $n are measured in frame bk,

is their fixed point. In this case, the definitions of y and
0=

where ^'ni =£/^v Note that

fy = - gj • gk-ik' Sj ( ti, k form a positive cycle)

and from Eq. (25), we know that gj'g^ is the element Bjk of
matrix [B] . After some calculation and Omitting the second-
order terms of small quantities, and adding a term
(tana /Rx 5= (tan ot/R)s = PS to co ls we finally obtain the
components of angular velocity of frame bk (embedded in the
muff) relative to frame bc(k) :

(28) Fig. 5 Differential orientational changes of a cross section.
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y are opposite to that shown in Fig. 2. But the relations

are the same.
Kinematic relations have relative means. It is wise not to

derive the motion of frame bk relative to frame bpk, which is
fixed on the muff, and first to do the reverse work. The mo-
tion of the muff in frame bk has already been shown in Eqs.
(26) and (28). Now, when the frame bpk is supposed to be sta-
tionary, we will find the angular velocity of frame bk, «*, and
the velocity of hk in frame bpk. It is obvious that w* is just the
negative vector represented by Eq. (28):

(3D

Thus all of the partial angular velocities are the same as those
in Eqs. (29) and (30), only with opposite sign.

Suppose p% is a point of frame bk coinciding with j^ at the
present time. Obviously,

Vt (relative to frame bpk) = - VP* (relative to frame bk)

and from Eq. (26): y's . Thus, we have (see Fig. 6)

(32)

where Zkj is the vector leading frompk to hj9 and specifically
Zkk = -y(s,t). Thus, the partial velocities of /z, are just the
same as those in Eqs. (29) and (30), only with opposite sign
arid use &* 'instead of X**.

As for the partial velocities of any point on the track, see
Fig. 7. A generic point of the track can be specified by (£,f),
and z(s,£ftti)=y(Ztt) + ?-y(s,t) is the vector from the
origin of frame bpk to point (£,f), or A. Let us take frame bpk

Fig. 6 Curve track on outboard body.

cross-section s
(coinsides with the muff)

as a stationary base and frame bk as a moving base, and divide
the velocity of A into two parts: the velocity of A*, which is a
point of the moving base coinciding with point A at the mo-
ment, and the relative velocity of A in the moving base.
According to Eqs. (32) and (21),

(33)

From Eqs. (31-33), we can finally write the necessary partial
(angular) velocities. If we take .s as the/?th generalized speed,
then

0, otherwise

[_ 0, otherwise

(_ 0, otherwise

If we take i)n as the pth generalized speed, then

= 0, otherwise

(34)

0, otherwise

0 (35)

Calculation of the Generalized Inertial Forces/^
This problem will be discussed here because it is needed for

the track, but these results can also be used to calculate the
contribution to^ of any beamlike structures that can be con-
sidered as fulfilling the assumptions adopted here for the
track, so that cross sections remain undeformed and perpen-
dicular to the centerline of the beam. Our calculation is based
on Eq. (15) in Ref. 1. It is convenient to repeat that equation
here:

+ Rhk' \ ^d/ii + w - l

Fig. 7 Geometric relations on outboard track.

(36)

This is the most general formulation and it can treat any
deformation models. What follows is an example that il-
lustrates how to apply the general expression to those more
restricted models of modal deformation given in Eqs. (12) and
(13) for a curved track that is undergoing stretch, bending,
and torsion.

In Eq. (36), dm is the mass of an element that is in-
finitesinially small in all three dimensions. The selection of in-
tegral variables is determined by the shape of the cross section.
If it is circular, it will be convenient to express fas: f='f
(cosfe + sinfe), if it is rectangular: '£=£282 + fsft; we will
take the former as an example. Suppose p is the mass density
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ds

Fig. 8 Differential element on a curved track.

of the track in the undeformed state and Fig. 8 shows an in-
finitesimal element in an urideformed configuration; Let
a=\/K be the radius of curvature of the undeformed track and
ds' be the arc length of our element. From geometric analysis,
we have

So
dm = ' = p ( 1 - (37)

It should be pointed out that the differential element changes
its volume after deformation, but the mass it contains does not
change.

It is not difficult to show that the additional equations
[(16-22)] in Ref. 1 will take the following new forms cor-
responding to our specific models:

NM

+ <*

+ 1 [uxffu + ux ( < i > x w ) + 2 w x (w

+ M X (cox ( u x u ) ) ] d m

where M7 is the transposition dyadic of M, and

1

and

Dk
p=\

and the mass center of the deformed track is located by

1 f/= —— I (r + u)dm
mk J

where r=y+{. The vectors «*, Vh
pk, Vjf, u, &,V and *„ have

already been prepared in Eqs. (29) and (30) [or Eqs. (34) and
(35)], (20), (21), (22), and (19), respectively, so all the in-
tegrals can extend over the whole range of the track.

For instance, let us select a term Rhk • jFj^dw in Eq. (36)
and do the integral. Suppose the track is on the inboard body
and the /?th generalized speed is ijn. From Eqs. (37), (30), and
(19) we have

Assuming that p depends only on s, dividing the variables and
integrating separately, we have

where L is the total arc length of the track and R is the radius
of the cross section. Because p, K, \l/.n 'gf and Qn are all known
functions of s, we can integrate them by numerical methods in
advance of any simulations over time. All of the other in-
tegrals in this section can be integrated in a similar manner.

In case the track is slender enough that the inertia moment
of the cross section can be omitted, then the mass of the track
can be concentrated on the centerlirie; then we need not do
such complicated integrals, and can just take dm = irR2pds9
and let f =0 to obtain

Calculation of the (Generalized Active Forces fp
Our calculation is based on Eq. (14) of Ref. 1:

NB
(38)

where M** is the moment on Bk with respect to the hinge point
hk of the working forces, and Fk is the force on Bk obtained
by summing the working forces. For an inboard flexible track
<*p> Vpk* and Vjf, have already been shown in Eqs. (29) anil
(30). Suppose the track is made of elastic material without
structural damping. Using elastic potential energy C7, the last
term in Eq. (38) can be expressed as

(39)

P is the volume force (such as gravity) and dv the volume of an
element.

According to the restrictive assumptions applied to the
track, every cross section is a rigid plane perpendicular to the
tangent of the centerline. This is a very strong assumption, im-
plying that Poisson's ratio ji must equal zero and
X=2MG/(1-2M)=0, G=£/[2(l + ̂ )]=£'/2; and there are
no linear strains in the f, /? directions, and there are also no
shear strains in the (f,/3) and (s,f) planes. The only linear
strain is '*el(s9?,t)

ds'

By the same means of deriving Eq. (16) (using ds' instead of
ds), we have the linearized e{ at point (s,f) on the track:

ds
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Using Eqs. (20) and (19), we obtain

The only shear strain is

The potential energy of the track is

2U=

(40)

(41)

= j J j ef + !/27?3)(l - /cf cos/3) fd/Sdi-ds

*A//)2) / ( l -*f cos/3) jdjSdfds1 (42)

When we take ?)„ as the /7th generalized speed, then

4- eBtf sin/3) + ; ] /( 1 - *f cos/3) } fdtfdfds (43)

Since the factor (1 — icf cos/3) is in the denominator, it is im-
possible to separate the variables. But, as assumed previously,
the radius R of the cross section is small as compared with the
radius (#=!/*) of curvature of the track centerline, kf-41,
and

1/(1 -Kf cos/3) « 1 + «f cos/3

Then the variables in Eq. (43) can easily be divided and in-
tegrated separately (assuming that E depends only on s), as in
the previous section.

The generalized active forces then follow from the combina-
tion of Eqs. (43) and (39) into Eq. (38).

Conclusion
With the specific expressions derived herein for the

generalized forces and with the detailed derivations of the
coefficients of generalized speeds ("partial velocities") that
form the nucleus of this paper, progress with the problem of
describing the dynamics of systems of interconnected flexible
bodies has been advanced to include relative interbody transla-
tion on curved tracks, whether rigid or flexible.

For these results to have practical utility they must be incor-
porated into existing formulations of system equations. Both
the general equations and the computer codes are in the public
domain, so this extension of simulation capability is accessible
to all.
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